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ON SOFIC SYSTEMS 1

BY
WOLFGANG KRIEGER

ABSTRACT
Topological Markov chains are invariantly associated with sofic systems. A
dimension function is introduced for sofic systems, and a criterion is given for a
sofic system to be properly sofic.

1. Introduction
Let 2 be a finite state space. We denote the shift on %* by Sy,
S);((xi )iez) = (xi+|)iez, (xi ).‘ez e EZ-

The dynamical system that is given by a closed Sy-invariant subset Y of 3* and
by the restriction of Sy to Y will be denoted by (Y, S:). A zero-one transition
matrix (A (o, 0'))s.es determines a closed Sy-invariant subset X of 37

XA = {(X;)ggzezz: A(x,-,x,u)‘—‘ ], i EZ}A

The dynamical system (Xa, Sx) is called a topological Markov chain. A dynami-
cal system (Y, Sy} is called sofic if it is the homomorphic image of a topological
Markov chain. Sofic systems were first considered by B. Weiss [12, 13]. Since
then they were studied by E. Coven and M. Paul [4, 5], R. Fischer [7, 8], B.
Marcus [10], M. Boyle [3] and M. Nasu [11]. In this paper we attempt to
elucidate further their structure.

To every sofic system there are associated topological Markov chains, that
admit the sofic system as a homomorphic image of full entropy. Constructions of
such chains have been given (see e.g. [4]). However, it seems not to have been
noticed that some of these constructions are canonical. In section 2 we associate
canonically to a sofic system (Y, Sx) two topological Markov chains that we call
the past and the future state chains of the system. Combining these two, we
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obtain another topological Markov chain canonically associated to (Y, Ss) that
we call the joint state chain of (Y, Ss). Also, if (Y, Ss) is topologically transitive
and has periodic points dense, then we construct irreducible topological Markov
chains that are canonical extensions of (Y,S:). We call these irreducible
topological Markov chains the past and the future finitary state chains of (Y, Sz),
and denote them by (X%(Y, Ss), S°(Y, Ss)) and (X$(Y, Ss), SU(Y, Ss)). There
will also be a joint finitary state chain associated to (Y, S:), denoted by
(X2.(Y, Ss), $2.(Y, S5)). Our methods are similar to the ones found in [3, 7,
8, 10, 13]. Compare here also the paper of I. Csiszar and J. Komlos [6]. The
homomorphism of (X°(Y, Ss), S2(Y, Sy)) resp. of (X%(Y, Ss), S(Y, Ss)) onto
(Y,Ss) will be denoted by p2(Y,Ss) resp. by pi(Y,Ss). There are also
homomorphisms

7Y, S5): (X24(Y, Ss), $2.(Y, S5))— (XY, Ss), SUY, Sy)),
wo(Y, S5) 1 (X2.(Y, Ss), S2.(Y, S1)— (XY, Ss), SUY, Ss)).

Recall that a homomorphism is called right (left)-resolving if an inverse image of
a point is uniquely determined by the point together with any initial (final)
section of the inverse image. The homomorphisms 7%(Y, S;) and p’(Y, S;) are
left-resolving and the homomorphisms 72(¢,Ss) and p%(Y,Sy) are right-
resolving. Thus the top half of the following commutative diagram is reminiscent
of the situation encountered by R. Adler and B. Marcus in [1]:

(XY, S5), S".(Y, S5))

(Y, 5/ \(Y Ss)

(XY, Ss), SUY, Ss) (XY, Ss), SUY, Ss))

p"(Y\ /(Y Ss)

(Y,S3)

The extensions that we construct for topologically transitive sofic systems with
periodic points dense are canonical in the sense that, given two such sofic
systems (Y, Ss) and (Y, Ss) and a topological conjugacy

u (Y, Sx)— (Y, Ss),

there exist unique topological conjugacies
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u- (XY, Sy), SUY, S5))— (XY, Ss), S°U(Y, S3)),
u (XY, S5), SUY, So))— (XU Y, Ss), SUY, Ss)),
u-.: (XU(Y, Sy), SL.(Y, S5))— (XUu(Y, Ss), S2(Y, Ss)),

such that the following diagram is commutative:

(X! (Y, Sy), S° (Y, Sy)

m'(Y, 8y) / (Y. S5)
'd

(X°(Y, S5), S"(Y, $5)) (XY, S5), S'(Y, Sy))
k
P ) \ P‘i(Y~ S4)
~
(Y, Sy)
u_ u., u u,

(X" (Y, Ss), S".(Y, S5))

" (M \ 713(’7,55;)

X°(Y, Ss), SU(Y, S XY, Ss), SU(Y, Ss
(X=( ) (\ ) (X ). S ( )i

p(Y, Ss) pu(Y,Ss)
\

TS(Y, Ss)

In [9] there were introduced past and future dimensions for topological
Markov chains. In section 3 we extend these notions to sofic systems. We shall
see that the range of the future dimension of a sofic system can be identified with
the range of the dimension of its future state chain. In section 4 we apply this to
give a criterion for a sofic system to be Markov. If ¢y, is the automorphism
that the sofic system (Y, Sy) induces on the range of its future dimension, and if
{(v.sy 1s the zeta-function of (Y, Sy), then this result can be stated as follows:
(Y, S:) is Markov if and only if

Livsp(z) =Det (1 — zgvs,) .
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2. Some extensions of sofic systems

Consider again a finite state space 2. We first indicate some notation to be
used throughout this paper. For the projection of 3” onto 3V, j, k €Z, j =k,
we write P, and for Py (x), x € X%, we write also x(,«;. Similar notation will
also be used for other projections. For cylinder sets we employ notation of the
following sort:

Z(O')={(xs)sezEEZ:x1=a}, gEX,
and
Z(a) = {(Xi )iezl Xijk) = a}, a < E[j'k], j, ke Z, ] < k,
etc.

Let now (Y, Ss) be a sofic system. We assign to every x. € P.5(Y) a closed
subset w.(Y, S5)(x-) of Pi«(Y) by setting

oY, S)(x-) ={x+ €E Po(Y): (x-,x.) E Y}, i€Z.
We are interested in the range of the mapping w.(Y, Ss). We set
E(Y, S5) = 0 Y, S5)(P=a(Y)),
and also
EV(Y, 85) = 0 (Y, S5)(P=iY)). €L
In this way
EW(Y, Ss)=S:""EL(Y,Ss), €L

Let for a suitable finite state space 3 and zero-ome transition matrix
(A (6, 6"))sees,(Y, Sz) be a homomorphic image of the topological Markov chain
(X4, Ss), the homomorphism being implemented by a one-block map ®: 33,
We denote then for x_ € P_.q(Y) by A(x-) the set of all &, € 2 such that there is
a

(&i )—x<i§0 € P(vcc.o](XA )
with
x. = (P(o ))-x<i§0-
It is
0¥, $)(x)= U {(@(F)sice: (G hmi= € Pusf(Xa), A (6o, 61) = 1},

So€l(x )
(1

xX_ € P(—cx:'(]]( Y)
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(2.1) Lemma.  E.(Y, Ss) is finite.

ProoF. Itis seen from (1) that there are at most |3 | ! elements in Z.(Y, Ss).
Q.ed.

We denote
Q.(Y,Ss5)={(o,D)EZXEY,Ss): Z(a)N D# I},

and we define a transition matrix A.(Y,Ss) for the state space Q.(Y,S;) by
setting

1 if D' = S;P(l‘x)(Z(o') N D),
ALY, 85)((a, D), (o', D)) = {

0 elsewhere,

(0,D),(a", D) E QL(Y, Ss).

The topological Markov chain with state space 2.(Y, Ss) and transition matrix
A.(Y,Ss) will be called the future state chain of (Y,Ss). Instead of
(XAJY,SX)’ S(h(y‘s:)) we write (X+( Y, Si), S+( Y, S}_)) Note that a block

(0, D)j=i=x EQu(Y, S5\, jkEZ, j<Kk
is admissible for A.(Y, Sy) if and only if one has that
(0)i=isk € Pya(Y),

and with

E, = S:"'D, i€Z,
that

E = Pin(Z((0)=m=)NE), j<i<k
Further we have the following lemma.
{2.2) LEMMA. Let

) (05 D\)icz € XY, Sy),

and let

E =Sy"D, i€l
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Then
(O'i)kéi<a<€Ek, k EZ,

and

Ek c (J)+( Y, SZ)((O'; )—a=<i<k), k cZ.

PrROOF. By (2) one has for all j, k €Z, j <k,
(03)isi=k € Puxy(E))
and if

Y+ S Ek
then one has by (2) that

({g;)izizxs ¥+) € Pys(Y).

Use compactness arguments.

Isr. J. Math.

Q.ed.

We denote the projection that assigns to every (i, Di)icz € X.(Y, S5) the
point (0:)icz€ Y by p.(Y, S3). This projection is in fact onto Y, and it has a

Borel section 7.(Y, Ss) that is given by
7Y, S2)(x) = (x;, $3 ' 0+ (Y, Ss)(Xceiy))iczs

To see this, observe that

0+(Y, S:)(X (=) = Pl Z (X1i00) N @+(Y, St)(X(—x.p),

LkEZ, j<k x€Y.
Also, note that p.(Y, Ss) is right resolving.

(2.3) Lemma.  7.(Y, Ss)(Y) is dense in X.(Y, Sx).

Proor. Let I EN, and let (0, D:)-1si=: be an A.(Y, Ss)-admissible block.

Setting
E =S:"'D, -Isi=s]
let
(01)-a<i<1 E P p(Y)
be such that

E_l = w+(Y, Sz)((()'i)—ac<f<1),



Vol. 48, 1984 SOFIC SYSTEMS 1 311

and let
(0:)1si<= € Ey.
Then (0:)icz € Y, and
w (Y, S )xe)=E, —I=i=Il Q.ed.

Under the hypothesis, that (Y, Ss) is topologically transitive with periodic
points dense, more can be said about the projection p.(Y, Ss). As we shall see,
p+(Y, Ss) is then one-to-one on a dense G, and at the same time we shall find
that there is then in €.,(Y, Sz) a unique minimal ergodic class under A.(Y, Ss).
For this we make some preparations. We say that a block a € P, (Y), j, k €Z,
j <k, is a finitary block if w.(Y,Sz) is constant on the set

{x- € Proi(Y): Pyu(x-) = a}.
The set of finitary blocks in Pj;x(Y) will be denoted by F; (Y, Ss). It is
S:F Y, Se) = Fij (Y, Ss),  iELZ.
Also every block that contains a finitary block as a subblock is itself finitary.
(2.4) LEMMA. There exist finitary blocks.
PrOOF. Let
X = (X)-ecizo € Prowg(Y)

be such that A(x_) contains a minimal number of elements. Denote for k €N by
Ay the set of all 6, € 3 such that there is an A -admissible block (6:)-k=i=o such
that

x=d(6), -k=i=o0.

By a compactness argument one has

Hence there is a ko € N such that
A(x2)= A,

We claim that (x;)-siso is a finitary block. Indeed, for all x’ € P_.q(Y) such
that

Piigo(x 1) = (Xi )-ko=isos
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one has
A(x!)CA,.

From this, since A(x_) is assumed to contain a minimal number of elements, one
has

Ax!)=Ax),
and therefore from (1)
w. (Y, 8:)(x )= w.(Y, Ss)(x-). Q.ed.
We say that a point x € Y is F-finitary if for all i € Z there is a j < i such that

X is a finitary block. We denote the set of F-finitary points by F.(Y, Ss). Itisa
Gs.

(2.5) LemMA.  Let (Y, Ss) be topologically transitive with periodic points dense.

Then F.(Y,Ss) is dense in Y.

Proor. Let I EN, a € Pi.;(Y), and let f be any finitary block of (Y, S:).
Use the topological transitivity of (Y, Ss) to find j < —1I and k > I and a block
b € P« (Y), that contains f as a subblock, and such that

b[_“] =a.
Every periodic point in Z(b) is an F-finitary point in Z(a). Q.ed
For a finitary block f € F;.(Y. Sy), j, k €Z, j <k, we sct

@ (Y, S)(f) = w(Y, S:)(x.),  x-€Z()N P .ufY).

(2.6) LEMMA.
[p.(Y,S5) {x}|=1, x€EF.(Y,S).
PrOOF. Let
(x, D.)iez € X (Y, Sy),
where

x €EF.(Y,Sy).
Let j, k €Z, j <k, be such that xj, is a finitary block. Then neccssarily

D, = S;Jluh(Y, S};)(X[,‘,k)). Q.e.d.



Vol. 48, 1984 SOFIC SYSTEMS | 313

We denote by Ei(Y, S) the set of all sets D in E.(Y, Ss) such that for some
ﬁnitary block f € \O/-;Pm]( Y, S);), Ie N,

D = 0. (Y, S3)(f),
and we set
QUY, Sy)={(0, D)EQ.(Y, Ss): D € EL(Y, Ss)}.

(2.7) Lemma. Let (Y, Sy) be topologically transitive with periodic points dense.
Then QU{Y, Sy) is the unique minimal ergodic class in Q.(Y, Ss) under A.(Y, Sx).

PrROOF. We have to show that for all (g,, D)€ Q.(Y, Sx) there is for some
I €N a finitary block (o;)i<i=; such that

Z((Ui)lgigz) ND#Y.
To see this, let x- € P.0(Y) be such that
D = w.(Y, Ss)(x-).

Let f be any finitary block. Let then k €N, and use the topological transitivity
and the density of the periodic points to find I(k)EN and a block a*’€
P[—k,l(k)]( Y) such that

Piea(@™) = Pro(x-)

and such that Py, ;4 (a'’) contains f as a subblock. Recalling that (Y, Sy) is the
homomorphic image of (X3, Ss) one sees that one can have here I(k) indepen-
dent of k. A compactness argument yields then the lemma. Q.e.d.

The restriction A%(Y,Ss) of A.(Y,Sy) to the set Q(Y,Ss) produces an
irreducible topological Markov chain that we denote by (X(Y, Ss), S4(Y, Sx)),
and that we call the future finitary state chain of (Y, Sy).

(2.8) THEOREM. Let (Y,S:) be topologically transitive with periodic points
dense. Then

pY, S )XY, Ss)) = Y.
PRrROOF. Let
a € P.in(Y), IeN,

and let f be a finitary block. Use the topological transitivity and the density
of the periodic points to find an x € Y such that x5, contains f as a subblock
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and such that
X1 = Q.
Then
(6, S5 @Y, Se)(Xx))-12i51

is an admissible block for A$(Y, Ss). It follows that p.(Y, S:)(X'(Y, Ss)) is dense
in Y and the theorem is proved. Q.ed.

We denote the restriction of p.(Y,Ss) to X4(Y, Ss) by pi(Y, Ss).

(2.9) CorOLLARY. Let (Y, Ss) be topologically transitive with periodic points

[ {U]

dense. Then every element of E.(Y,Ss) contains an element of Z.(Y, Ss).

Proor. Let D € E.(Y,Ss), and for some
(X:)-eciz1 € Peaa(Y)
let
D = 0.(Y, S}:)((x.' )—m<i§0)-
By Theorem (2.8) there is then a
(x;, D?)v«x<i§0 € P(—m.o;(Xg( Y, S3)).
If now
y+ € SZP[Lm)(Z(xO) N Dg 5
then by Lemma (2.2) also y, € D. Q.ed.
Reversing the direction of time in the constructions that we have carried out
so far leads to analogue objects, where the place of the “future” is now taken by
the “‘past”. For these objects we use similar notation with a minus sign appearing
instead of the plus sign. The topological Markov chain (X_(Y, Ss), S_(Y, S5)) we
call the past state chain of (Y,Ss) and the topological Markov chain
(XY, Ss), S2(Y, Ss)) we call the past finitary state chain of (Y, Ss).

Taking the fiber product of (X_(Y, Ss), S-(Y, Sz)) and (X.(Y, Ss), S{Y, Ss))
with respect to the homomorphisms

p-(Y, 83) (X (Y, Ss5), S-(Y, $5))— (Y, Ss),
p:+(Y, S5) 1 (X(Y, S5), S+(Y, $:))—> (Y, 53),
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produces a topological Markov chain, that we call the joint state chain of (Y, Sx)
and that we denote by (X_.(Y, Ss), S-+(Y, Ss)),

X_i(Y,8:)={(x,, D7, D )icz EX* X E(Y, S5) X E+(Y, S3):
(xi, D:)iez € X—( Y, Sz), (Xi, D:)iez € X+( Y, S:)}-

Also, taking the fiber product of (X%(Y,Ss), SU(Y,Ss)) and
(XY, Ss), S%(Y, Ss)) with respect to the homomorphisms

po(Y, S3)1 (XU(Y, ), S(Y, $2))— (Y, S3),
P(i( Y, SZ) : (X‘i( Y, SZ)’ S(l( Y, Sl))_') (Y’ SZ)’

produces a topological Markov chain, that we call the joint finitary state chain of
(Y, Ss) and that we denote by (X?.(Y,Ss), S2.(Y, Ss)),

XLu(Y, 8:)={(x, D7, D7 )icz €EZ* X EU(Y, S5) X EYY, S3):
(%, D7)icz € XUY, Sz), (x;, D} )iez € XY, Ss)).
The properties of the projections
m.(Y, 85): (X (Y, Ss), S_(Y, S5))— (X.(Y, S5), S4(Y, S)),
(Y, S5) 1 (X2(Y, Ss), S2.(Y, 85))— (XU Y, Ss), SUY, Sy)),
7(Y, S5) 1 (X_(Y, Ss), S-+(Y, S5))— (X (Y, Ss), S—(Y, Ss)),
7Y, Sz): (X (Y, S5), §°.(Y, S)) = (X°(Y, S5), SUY, Ss)),

can be read off from the properties of the projections p (Y, Ss), p2(Y, Ss),
p+(Y,Ss), pUY,Ss). The left (right) resolving property of p_(Y,Ss) and
p2(Y, S:)(p+(Y, Ss), and pS(Y, Ss)) implies the left (right) resolving property of
w(Y,Ss) and 7Y, Ss)(7-(Y,Ss) and 7w4(Y,Ss)), m(Y,Ss) and 7.(Y,Ss)
possess Borel sections o-(Y, Sz) and o.(Y, Ss) that are given by

oY, S=)((x; D?)iez) = (x;, D7, D:)iez,
(x:, D:)iEZ = 7.(Y, Ss)((x: )iez),
(x;, D7)icz € X_(Y, Ss)

o+ (Y, Ss)(x, D))icz) = (xi, D7, D7 )iez,

(x;, D )icz = 7-(Y, SE)((X.' ).‘ez),
(x;, Di+)iez € X.(Y, S:)-
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7-(Y, Ss) is one-to-one on the set
{(x, D7, D)icz € X-+(Y, Ss): (Xi)icz € F+(Y, S5)},
and 7.(Y, Ss) is one-to-one on the set
{(x, D, D )icaX-+(Y, S3): (x:)icz € F(Y, S5)}.
We also remark that the closure of the set
o_(Y,Ss)1.Y, Ss)YF_(Y, Ss)N F.(Y, Ss))
=0.(Y, Ss)7-(Y, Ss)(F-(Y, Ss) N F.(Y, Ss))

is a basic set of (X2.(Y, Ss), S2.(Y, Sy)).
In the remainder of this section we consider two topologically conjugate sofic
systems (Y, Ss) and (Y, S5). We let

u:(Y,Sx)—(Y,Ss)

be a topological conjugacy that together with its inverse is implemented by
(2N + 1)-block maps ¢ and ¢,

¢ Pa(Y)— 3,
¥:Pan(Y)— 2.

Thus
3) ux = (Y (Xpi-ni+ny))icz, (x:)iez € Y.
(4) ux = (l/;(f[i~N,i+N]))iez, (x: )ieZ €Y.

(2.10) LEMMA.
uF.(Y, Ss)=F.(Y, Ss).

PROOF. Let x € F.(Y, S5). We show that £ = ux isin F.(Y, S3). Leti €Z and
let x;;, be a finitary block of (Y, Sz), i —j > N. We want to show that %j;,_n:+~; is
then a finitary block of (Y, Ss). For this, let

ii, fz E P(fm,,‘+N)(Z(x-[ij,,‘+N)) ﬂ Y).
We have to show that then
(5) w.(Y, Ss)(x1) = w.(Y, Ss)(X").

Let
¥+ € wo(Y, Ss)(x),
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and set
y+ = Pum(u (L, 34)),

and also let x, x” € P_..;(Y) be given by

XL = (G (Pre-maeny(E1))-=<izi

x!= ((/;(P[k_N,HN](fﬂ))kag,-.
Since i —j > N, by (4)

y+ € 0 (Y, Sx)(x1)

and also
(6) xL,x" € Z(xyn),
and, since xg;;, is finitary for (Y, Ss),

y+ € 0. (Y, Ss)(x").

Therefore (x”, y.) € Y, and, again since i — j > N, one has by (3) and (6) that

u(x’, y+)=(x",y-).

Thus
y+ € 0. (Y, Ss)(X1),

and (5) follows.

Our next task is to construct a topological conjugacy

U (X(Y, S5), S+(Y, S5))— (X.(Y, Ss), S+(Y, Ss)).

To describe this conjugacy, let

P = Y, (x,‘, D,‘ )iEZ c X+(Y, Sz),

set X = ux, and
E,‘ = SEH-‘D,‘, iEZ.

By Lemma (2.2) we can set

N= {}’+ E Ein: Pai(U(X (mi-ny y+)) = Xy
E; = {Pyisy( (Ximi-ny, y+)) 2 y+ € Elnd.

(2.11) Lemma. Leti €Z,

317

Q.ed.
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(7) M > 3N,
and let
X1 € Prei-m(Y)

be such that

®) Ei-m = 0.(Y, Ss)(x1).

Set

©) X! = Pewi-memf(U(x L, Xjioms))-
Then

E, = (Y, S Tyowon).

ProoOF. For the proof, let first y. € E.. This means that there is a y+EEi_n
such that

(10) Pisy (U (X(-mi-nyy Y+)) = Vs
and
(11) Prianiy(u (X oy, )’+)) = X[i-2Ni)-

Using (3) one has from (10) that

Pliwf(u(x, X i-mi-ny, ¥+)) = Y+
and using (3) and (7) one has from (9) and (11) that

Prwp(u(xl, Xpi-mi-ny, ¥+)) = (X1, Xjimenin)s
and one sees that
(12) ¥+ € 0u(Y, Ss)(X-, Xii-mena)-
On the other hand, if (12) is assumed, set
(13) Yo = Plinm(U” (X2, Zionrmay J4),
and have from (4) and (9) that
Pinu (B, B pimmarniny §4)) = (X1, Xjimmiom))-

Hence, by (8),

y+ € Ei—N-
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Also by (13) and (12)
Pliooy(U (X(=xi=n), Y+)) = V4
and
Pricaniy(U(X csi-nyy Y+)) = Xpizzniy-
Therefore
. €E, Q.e.d.
(2.12) LEMMA.

Ei = PurAZ(Zi) N E), JkEZ, i<k

PrOOF. Use Lemma (2.11). Qed.

E; is determined by E;_x and by x(_on,-n). Therefore, as is seen from Lemma
(2.12), by setting

D=S{'E, i€Z

we assign to the point (x, D)icz in a continuous and shift-invariant manner a
point

u+((x.-, D, ).‘ez) = (fi, lji )iEZ € X Y/, Si)-

(2.13) THEOREM. u. is a topological conjugacy of (X.(Y, Sy), S.(Y, Sy)) onto
(X.(Y, Ss), S.(Y, Sy)).

PROOF. Set
Ei={3. €E : Ploism(U ' (Kimiry 1)) = X(miemrh,
Eiin ={Pinof(tt (Fwi, 7:): 7. EEY}, i EZ.
We show that
Ein=E. €L
To see this, let first
y: EEiin.

This means that there is a

j. €E!
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such that
Y+ = Pliona(U (Xeins §+))
and
Plionien(U (Rceiyy Y4)) = Xjimnieny-
Then
(14) U (Bcmins §+) = (X cmivenyy Y1)

Further there is a
y+EEin
such that
¥+ = Pl (X oionys ¥+))
and
Prianiy(U(X (cei-nyy §4+)) = Xjicany-
Since u is one-to-one it follows from this and from (14) that
Pl nism¥s = Xpinisny,  Pliane e = Yo,
and this means that
Y+ € Pliana(Z (X i-ni+ny) N Ei-n) = Eisn.
On the other hand, if
y+ € Eiyn
then
(Xi-misny, ¥+) E Ein.
Setting
Y+ = Pimlt (X coivny, Y+),
one has then again (14) and it follows that
j.EE, y.€Ei.n

Interchanging (Y, Ss) and (Y, Ss) and repeating the construction one sees that
u. is a topological conjugacy as claimed. Q.ed.
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(2.14) THEOREM. u, is the unique topological  conjugacy  of
(X.(Y, Ss), S.(Y, Ss)) onto (X.(Y,Ss), Si(Y, Ss)) such that

up.(Y, Ss) = p-(Y, Ss)u.,
u. (Y, 8s)=1.(Y, Ss)u.
PrROOF. Let x € Y, x = ux. That
u, (Y, Ss)(x) = ue((%, @:( Y, S5)(X(=x)))icz)
= (% 0 Y, S5)(Txi)licz) = 7 ¥, S5)(%),

follows from Lemma (2.11). The uniqueness statement is a consequence of
Lemma (2.3). Q.ed.

(2.15) LEMMA. Let (Y, Ss) and (Y, Ss) be topologically transitive with periodic
points dense. Then

u. XY, Ss) = XUY, Ss).
ProoF. Use Lemma (2.7) and Theorem (2.13). Q.e.d.

For topologically transitive sofic systems (Y, Sy) and (Y, S5) with periodic
points dense we restrict u. to X'(Y, Sx) to obtain a topological conjugacy u' of
(XY, Ss), SU(Y, S5)) onto (XU(Y, Ss), SS(Y, Ss)).

(2.16) CoroLLARY. Let (Y,Ss) and (Y,Ss) be topologically transitive with
periodic points dense. Then u' is the unique topological conjugacy of
(X'(Y, Ss), SUY,Ss)) onto (X'(Y,Ss), SU(Y, Ss)) such that

up' (Y, Ss)=p(Y, Ss)u..

ProOF. Apply Theorem (2.15) in conjunction with Lemmas (2.5), (2.6) and
(2.10). Q.ed.

Reversing the direction of time one produces by the same construction a
topological conjugacy

-1 (X (Y, Ss), S-(Y, S5)) = (X (Y, Ss), SV, S5)),
and its restriction

u®: (XY, Ss), S°(Y, S5))— (X°(Y, Ss), SU(Y, Ss)).
One has then also a topological conjugacy

U_s: (X-a(Y, Ss), S_(Y, Ss)— (X-.(Y,S3), S-(Y, Ss)).
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Here u-. carries a point
(x; D7, D)iez € XY, S5)
into the point
(%, D7,D)ica € X-(Y, S5)
that is given by
(%o DDiez = u-((% D7 )iea),
(%, D?)iez = (%, D icz)-
By restricting u_. one has finally a topological conjugacy
uls 1 (X2(Y, Ss), LY, 85))— (X2u(Y, Ss), S2.(Y, Ss)).
Uniqueness statements analogous to the ones in Theorem (2.15) and Corollary
(2.16) hold for u_. and u’..
3. Dimension

Consider again a finite state space 2. For an Ss-invariant set Y C2?, and for a
set HCY we denote by Wy(H) (W{(H)) the set of all points in Y that are
negatively (positively) asymptotic to a point in H. For a zero-one transition
matrix (A (o, 6'))soes, we denote

2[14] = {0' € 2 : I{(Ui)—m<i§0€ P(—-oc‘O](XA): Ty = 0'} | < OO},
and

RG[A] = |{(0'i )—on<|'§0 € P(—w'O](XA) L0 = 0'} |, os E[A]

(3.1) LemMA. Let H C X4 be Ss-invariant and such that
(15) Wi (Wi, (H))= Xa.
Then
16)  [{(0)-<<iz0 € Pew( Wi (H)): 00 = 0}| = R, [A], o E€Z[A],
and if o €3 —~3[A], then
{(07)-ecizo € Prwgf( Wi (H)): 00 = 07}

is an infinite set.
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Proor. Denote by Q the set of all points x in X, necessarily periodic, with

the property that every symbol that appears in x has a unique predecessor under
A. If for o €3[A],

(o )"‘<i§0 € P(—m.O](XA ), 0o = 0,
then
(Ui )‘oc<i§(] e P(—oo,o] W}A(Q)-

(15) implies that H contains for every x € Q an element that is negatively
asymptotic to x. This proves (16).

On the other hand, if o €% —3[A], then one has two periodic points y,
y: € Xa, such that

y2€ Wi, ({y.}),
and such that there is a
(0 )-ocizo € Prog(Xa), 0o = 0,
that is negatively asymptotic to y,. By (15)
y1 € Wi, (H),
and one constructs an at least countable infinity of points
(01)-w<izo € Pwo Wi, (H)), o0 = 0. Q.ed.
Condider now again a sofic system (Y, S;:), and let HCY be a finite or

countably infinite Ss-invariant set. Write

wyH)=U U {yeY:y=h,i= -n},
nEN (h)jezEH
and put on W(H) a topology that turns it into a o-compact space, by using on
the sets

{yEY:y=h,i= —n}, nEN, (h)ez€EH

the compact topology that they inherit from Y, and by furnishing Wy(H) with
the inductive limit topology.

One introduces next a group Gy of homeomorphisms of Wi(H), that we call
the group of uniformly finite dimensional homeomorphisms of W (H). Here a
homeomorphism v of W3(H) is in Gy if and only if there is an M &€ N such that

Piu(0y) = Yimers y € WW(H).



324 W. KRIEGER Ist. J. Math.

Consider next the Boolean ring € of compact open subsets of Wi{(H). The
group Gy acts on % and we obtain a (future) dimension function 84 which is
the quotient map of €x onto the orbit space of this action. The range of du
carries an algebraic structure, where for v, y' € 84 (%n),

vy+y =84(CUCY, Cey, Cey, CNC=0.
H being Ss-invariant we have also W(H) S;-invariant, and
S',;,GHSE1 = GH.

We have therefore an automorphism ¢u of 84(%x) induced by Ss.

To specify further the pair (8x(%u), ¢u) we make now a suitable choice of the
set H. Say that an Ss-invariant set H C Y is dimensionally covering for (Y, Ss) if
H is finite or countably infinite and if for all D € Z.(Y, Sx) there is an

x-€ P(~o:‘0](W_Y(H))
such that
w+(Y, S:)(x-) = D.

We want to show that (8x(%x), ¢u) does not depend on the choice of H, as long
as H is dimensionally covering. For this we have the following two lemmas. Here
we set, for (g, D)€ Q.(Y, Ss),

Hs(0, D) ={(0:)-wsis1 € Pea(WHH)): 0 = 0, D = 0 (Y, 85)((01)-<i=o)}-
(3.2) Lemma. Let H be dimensionally covering for (Y, Sz). Then
| #:(0,D)| = Rep)AY,S5)], (0,D)€ Q(Y, S3)[ALY, S3)],
and if
(0, D)€ Q.(Y, S5)— Q.(Y, $5)[AL(Y, S)],

then Hu(a, D) is an infinite set.

Proor. That H is dimensionally convering for (Y,Ss) means that
7.(Y, Sz)(H) is S.(Y, Ss)-invariant, and that
Wi vso Wx,v.so(7( Y, Se)(H))) = XY, S3).
Also, observe that for all (o, D)€ §.(Y, Ss) the mapping
(01)-wcisi = (G @Y, $3)(0))-wcj<i))-wcizt, ((0i)-2<iz1 € Hu(a, D)),
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1s one-to-one and onto the set
{(0:, Di)ecisi € Proeat Wi, (vsp(7( Y, Ss)H)): (01, D)) = (0, D)},
and the present lemma follows from Lemma (3.1). Q.e.d.

(3.3) Lemma. Let H and H' be dimensionally covering sets for (Y, Ss). Then
there exists a one-to-one and onto mapping

w: Wy (H)— W (H)
such that
(17) Ppay(w(x)) = X{100, x € WYH).

PrROOF. By Lemma (3.2) we have for all (o, D) € Q.(Y, Ss) one-to-one and
onto mappings

(o, D) : Hu(o, D)= Hu(o, D).
Define the mapping w by requiring that
w(Z(x-))=Z(m (o, D)(x-)), X-€Hu(o,D), (0,D)EQAY,S:s),
and by stipulating (17). Q.ed.

View the mapping w of Lemma (3.3) as a one-to-one and onto mapping
w : Gy — €. Then

W<gHW_I = @H,
6H(W_IS§;WC) = 8H(SEC), ce (6”.

Therefore the pair (84(Cx ). ¢u) does not depend on the choice of the dimen-
sionally covering set H, and we write for it (8;yv.s,(€(v.sy)), ®(v.sy)). The definition
of this pair is in fact intrinsic. To see this, consider again two topologically
conjugate sofic systems (Y, Ss), (Y, Ss), and let

u:(Y,8:)—(Y,Ss)

be a topological conjugacy. For a finite or countably infinite set HC Y the
definition of the topology on W3(H) is intrinsic in the sense that u, when
restricted to W(H), becomes a homeomorphism u,, of W(H) onto W3 (uH).
The definition of the group of uniformly finite dimensional homeomorphisms is
intrinsic in the sense that

-1
upGuu s = Gun.
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Finally the notion of a dimensionally covering set is intrinsic as is seen from the
following lemma.

(3.4) LemMMA. H is dimensionally covering for (Y, Sy) if and only if uH is
dimensionally covering for (Y, Ss).

PROOF. A finite or countably infinite set H C Y is dimensionally covering for
(Y,S;) if and only if

Wi, vso Wi, vsp(7+(Y, Ss)H)) = X.(Y, Ss).
Apply Theorem (2.14). Q.ed.
(3.5) THEOREM. There is an isomorphism of pairs

(B vs(€vsp)s Pivisp) ™ (5(x+(Y,sz).wx&»(fg<x+(Y.sz).s+(Y.Sz)))’ ® (X, (.55, 5,(¥.5p))-

ProOE. Let (0, D)€ Q.(Y, Ss). Consider a dimensionally covering set H C
Y. Let i€Z.

x_,x' €85 Hul(o, D).
We claim that
Svs(Z(x- )N Y)=8rs(Z(x)NY).

In fact, an element v of % that carries Z(x-)N Y onto Z(x)N Y is defined by
setting

v(Z(x)NY)=Z(x)NY,
Piis(0y) = Yo,
vy =y, yE Wy (H)-—((Z(x-)U Z(x'))NY).
It is therefore meaningful to define elements §;(c, D) of 8(v.s;(€v.sp) by setting
8:(0,D)=8vs(Z(x.)NY), x ESy'Hu(o,D),(0,D)EQLY,Ss), i EZ.

Every element of €y is a finite disjoint union of sets of the form Z(x_)NY,
x- € Prwn(Wy(H)), i €EZ. Therefore the 8(o,D), i EZ, (0,D)EQ.(Y, Ss)
span the dimension range. Moreover writinga Z(x_)N Y, x- € P .,,( W>(H)) as
a disjoint union of cylinder sets of the form Z(y-)NY, y_ € P.y(WH))
shows that

&-(o,D)= D A.(o,D),(a',D)é(c’, D).

(o' .DYEQL(Y.S3)
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From this it is seen that 8¢v.s;(6v.sp) is a segment of an ordered abelian group,
the (future) dimension group of (Y, Ss), that is given by

. Q(Y.5)) g0, (¥.S5)
A+l(11;rsl}:)T (277, 227,

—

@(v.sy is given by the automorphism that A.(Y, Sz)" induces on this direct limit.
The description of the pair

(8 (X4(Y.S5),84( Y,Sz))( € (X Y.Sz),5+(Y,Sz)))v P (X (Y.S5).5.4 Y.Sz)))

is identical (compare [9]). Indeed, the isomorphism that carries one pair into the
other is obtained by mapping 8;(c, D) into

8 (X,(¥.55).8 (Y. S DN Zix N YD
x. €S7%(c.D), (6,D)EQY,Ss), iELZL Qed.
Note that, with the notation
Z. if (0, D) € QL.(Y, S5)— (Y, S)[A-(Y, S5)l,
#(o, D)= { [0, RoofA+(Y, S3)]),if (0, D) € Qu(Y, SA-(Y, Sx)l,

the dimension range of (Y, Sz) as such is given by

lim [ (D).
A (Y,S5)' (0,D)EQ(Y,S5)

—_—

Also note for completeness that reversing the direction of time in the
construction yields an analogue (past) dimension.

Given two topologically conjugate sofic systems (Y, Ss) and (Y, Ss) one has
from Theorem (3.5) that A.(Y, S5) and A.(Y, Ss) are shift equivalent (compare
theorem (4.2) of [9]). The topological conjugacy of (X.(Y,Ss), S«(Y, S3)) and
(X.(Y, S5), $.(Y,S5)) is therefore a consequence of William’s conjecture [14].
We have seen in Theorem (2.14) that this consequence holds.

4. Proper soficity

Consider again a finite state space 2 and a sofic system (Y, Ss). Denote by
C(Y, Ss) the set of all x € Y that possess a finitary subblock.

(4.1) ProrosiTioN. (Y, Ss) is Markov if and only if Y = C(Y, Ss).

Proor. If every point in Y possesses an F-finitary subblock, then
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y=U U  zy.

j<O<k fEF;LfY.Sp

Hence, by compactness, we have an N € N such that every block in P n(Y) is
F-finitary. One defines then a topological Markov chain with state space
Pun(Y) and transition matrix B given by

1 if b = blin-1, Z(bA) N w.(Y,S:)(b)# D,
B(b,b") =

0 elsewhere, b,b'E P n(Y).
The mapping
x> (xpisniez  (XEY)
is then a topological conjugacy of (Y, Sz) onto (Xs, Sg, ) Qed.

(4.2) Lemma.  If (Y, Sy) is properly sofic then there exists a periodic pointy € Y
such that

lp {y}>1.
ProoOF. If (Y, S;) is properly sofic, then we have by Proposition (4.1) a point
(18) x €Y -Cud(Y,Ss)
Set

L= N wY,S:)Z(x), i€EZ.

j<i

We claim that for all i €Z the set I'; contains more than one element. For a
proof, assume that for some iy, [', contains only one element. Then there exists a
J < ip such that

{2 (Y, SINZ (x0)) | = 1.

This would mean that x, is a finitary block, a contradiction to (18).
We observe further that

[T |Z2|Tienl, IEZ, nEN.
In fact, it is
Tivn = {Plsnaf Z(Xism) N E): E €T}
Let now i; €Z be such that

|Fi,+nl=|ri,l, n €N.
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There are i, 15> i, i» <3, such that
(19) x.-2 = x,'J, F,'2 = S;z_i“l—‘ir
Let y €3° be given by

Y ik (iy—ig)+ = Xiy+ls ke Z, 0=l i3 — i

It follows from (19) that y € Y. Also by (19) we have for every E CI', an Mg EN
such that

E = SyEP[iﬁMEvm)(Z(x[iz-iz*ME)) N E)’
and we produce for every E €T, a point (y;, D;)iez € X:(Y, Ss) by setting
Di2+kME+m = S'X"P[,'2+m'a:)(Z(x[,'2','2+m)) N E), ke Z, 0=m< ME Qed

(4.3) ProposSITION.  The following are equivalent:
(a) (Y, Ss) is properly sofic.

(b) There exists a non-F-finitary point.

(c) There exists a non-F-finitary periodic point.

Proor. Use Proposition (4.1) and Lemma (4.2) in conjunction with Lemma
(2.6). Q.ed.

(4.4) THEOREM. (Y, Ss) is Markov if and only if
20) {ovsp(z) =Det(1- zgsy) .

Proor. T1.(Y,Ss) assigns to every periodic point of (Y, Ss) a periodic point of
(X.(Y, Ss), S+(Y, Sy)) with the same period. By Theorem (3.1) we have that (20)
implies that all periodic points of (X.(Y,Ss), S:(Y, S:)) are in the range of
7.(Y, S3).

Assume that (Y, Ss) is properly sofic. Then we have by Lemmas (4.1) and (4.2)
a periodic point y of (Y, Ss) that has under p.(Y, Ss) more than one inverse
image. One of these inverse images is equal to 7.(Y, S:)(y), and the others
cannot be in the range of 7.(Y,Ss). Thus (20) cannot hold.

If (Y, S5) is Markov then (20) is the formula of Bowen-Lanford [2]. Q.e.d.
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